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{^jqI Abstract 

The aim of this paper is to define an n — 1-cocycle a on GL„(Q) with values in a certain 
space D of distributions on \ {0}. Here Aj denotes the ring of finite adeles of Q, and 
the distributions take values in the Laurent series C((zi, . . . ,z„)). This cocycle can be 
used to evaluate special values of Artin L-functions on number fields at negative integers. 
' The construction generalizes that of Solomon ^ in the case n = 2. 
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1 Introduction 

1> I Let Af denote the ring of finite adeles of Q. Let D be the space of distributions on Aj \ {0} 



OO 



X 



with values in the Laurent series ring C((zi, . . . , Zn))- In other words 

D = Homfs(A';\{0}),C((^i,...,^„))' 



^ . where S(Aj \ {0}) denotes the space of Bruhat-Schwartz functions / : A'^ \ {0} — > C. The aim 
Q ! of this paper is to define an n — 1-cocycle a on GL„(Q) with values in D. The construction 
generalizes that of Solomon [8] in the case n = 2. A similar but different cocycle was found by 
and Solomon and Hu [3] in the case n = 2,3. For n > 3 the cocycle of Solomon and Hu is only 
defined on a Zariski-open subset of GL,„(Q)". Following [8] and [3] we shall refer to the cocycle 
a as the Shintani cocycle. 

Very briefiy, to define the Shintani cocycle a we begin by choosing a non-zero vector v G Q". 
Given ai, . . . ,an G GL„(Q), we shall define a cone C in Q". Roughly speaking, C will be the 
set of linear combinations ^ XiaiV with the Xj G Q positive. To be more precise, one must also 
include some of the faces of C. Then the cocycle is given by 

a{ai,.. .,«„)(¥?) = ^(/?(f)exp j ^ViZ, j , ip E §(A^ \ {0}). 

v£C \i=l J 

Solomon and Hu showed how to make sense of the right hand side of this formula as an element 
of C((zi, . . . ,Zn))] we shall explain their method in §3 below. The difficulty tackled in this 
paper, is to define the cone C correctly in the case where the vectors aiV are not in general 
position. These problems are solved in §4. In §5, we describe the case n = 2 in detail, and 
show how a is related to Solomon's cocycle. 
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2 Special values of L-functions 



Motivation for studying Shintani-cocycles lies in their relation with special values of L-functions. 
We shall spend a few moments discussing this connection. Since these matters are the subject 
of other papers ( [21 El [TJ [H [9] ) , the discussion here is deliberately informal, and is independent 
of the rest of the paper. 

Given a totally real number field k of degree n, one can obtain formulae for the values 
of abelian L-functions of k at negative integers by substituting units of k (regarded as n x n 
integer matrices) into the n — 1-cocycle on GL„(Q). Similar formulae have been obtained by 
Sczech [U [5] and Stevens [10] . 



1. L-functions of Q. As a first example, we consider the case n = 1. In this case we have 
a (homogeneous) 0-cocycle a on GLi(Q). Evaluating a at the identity element, we obtain the 
following distribution 

a{l){^)= J2 viv)exp{zv)eC{{z)), v'G§(A^\{0}). 

If we substitute for (p a Dirichlet character x : Z ^ C, extended to be zero on Aj \ Z, then this 
gives 

oo 

= ^X{n)exp{nz). 

n=l 

Differentiating with respect to z, we obtain formally (following Euler): 



L{x,l-r)= \^{l)ix) 



r eN. 

z=0 



To make sense of this equation, let / G N be a conductor of x- We can group the terms into 
finitely many geometric progressions as follows: 

/ 

o"(l)(x) = ^x('^)exp(na;)(^l + exp(/z) +exp(2/2;) + ■ ■ 

n=l 

exp{nz) 
1 - expifz) 



expinz) 

X[ri)Y 

n=l 

The ratio of exponentials can be expanded in terms of Bernoulli polynomials Bm as follows. 



m—n \ n — 1 \J/ 



m=0 \n=l \J / / \ I 

This gives the usual expression for L(x, 1 — r) (see for example §2.3 of [2]) 
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2. L-functions of real quadratic fields. Now suppose k is a, real quadratic field with ring 

of integers o. For simplicity, we shall assume that k has narrow class number 1, i.e. every 
non-zero ideal of o has a totally positive generator. Indeed, if u denotes a generator for the 
group of totally positive units in o, then each ideal has a unique generator in the following cone: 

C ^ {x + yu: x,y eQ, x > 0, y>0}. 

We may therefore express the abelian L-functions of k as follows: 

Hx,s)= x(a)iV(a)-^ 
aeCno 

By choosing an integral basis {6i,&2}, we can regard k^ as a subgroup of GL2(Q) and as 
a subgroup of GL2(Z). The special values of L{x, s) are encoded in the restriction of a to o^. 
We shall also identify with the ring Af^k of finite adeles of k. An element z € HomQ(A;, C) 
can be decomposed in terms of the dual basis {bl, 62} as follows: 

z = zibl + Z2bl, zi, Z2 e C. 

Evaluating our 1-cocycle on the fundamental unit u, we obtain the following the distribution: 

a{l,u){(p) = Y(p{a)exp{z ■ a), 
aec 

Although the right hand side actually converges for 2; in a certain cone in HomQ(A;, C), we shall 
in fact interpret it as an element of C{{zi, Z2)) by the method of Solomon and Hu. 
Again, substituting a Dirichlet character x for (p, we obtain: 

<7(l,'")(x)= XI X(a)exp(^ • a). 
aeCno 

On the other hand, we can also write z in the form 

Z = tiTi + t2T2, ti, t2 e C, 

where ri, T2 : A; — > M are the two field embeddings. With this notation we have 



2=0 



This gives (formally at least) the following: 



z=0 



To make sense of this formula, we let / G N be a (not necessarily minimal) conductor of x- 
We can group the terms of a{l,u){x) iiito finitely many products of geometric progressions as 
before: 

00 

aeOno r,s=0 

^ X(a) cxp(2: ■ a) 
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Here "P denotes the half-open parallelogram: 

y = {x + yu : x,y e Q, < X < f, < y < f}. 

When we expand the ratio of exponentials out as a power series in z, instead of values of 
Bernoulli polynomials, the coefficients will instead be generalized Dedekind sums. The expan- 
sion of such power series in terms of Dedekind sums and their generalization is described in 
[T[|8]. In particular, the reciprocity laws satisfied by these sums are shown to be consequences 
of the cocycle relation satisfied by a. More precisely, we can expand out as follows: 



The coefficients S{mi,m2,x) can be expressed in terms of Dedekind sums. 

Using the r-th symmetric power of the transition matrix from {ti, T2} to {bl, 62}, we obtain 
a formula for L{x, —r) in terms the numbers S{x, ttli, 777.2) with mi + 1712 = 2r. 

3. Totally Real Fields. Let be a totally real algebraic number field with [k : Q] = n. 
Let ifoo denotes the narrow class group of k, i.e. the group of fractional ideals, modulo the 
principal ideals gererated by totally positive elements. It was shown by Shintani [6J (see also 
§2.7 of [2]) that there are finitely many cones Ci, . . . , C]^ such that any abelian L-function of 
k can be expressed in the form 



By choosing an integral basis, we can regard 0^ as a subgroup of GL„(Z). The method described 
above may be used to express the special values — r) in terms of the restriction of ex to 0^. 

As an example, suppose k has narrow class number 1. Let . . . , Un-i\ be a basis for the 
group of totally positive units. Then we have, for a certain differential operator d: 



where a is the corresponding inhomogeneous cocycle: 

a{ai, . . . , a„_i) = cr(l, ai, aia2, . . . , ai ■ ■ ■ a„_i). 

Note that if k has a complex place, then its L-functions are zero at negative integers. This 
can be seen from the functional equation. 

3 Notation and Background Material 

1. The module of cones. Let f 1, . . . , G be linearly independent vectors. By the open 
cone of fi, . . . , fr, we shall mean the set 




00 



N 



Lix,s)= E E E x{ab)Niab)-\ 
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The closed cone C{vi, . . . ,Vr) is defined similarly but with the inequalities > replaced by >. 
We shall write dC for the points of the closed cone which are not in the open cone. A cone will 
be called rational if the vectors Vi, . . . ,Vr are in Q". Let "Kq be the abelian group of functions 

\ {0} —>■ Z generated by the characteristic functions of rational open cones. We shall also 
write %Q for the group of functions — Z whose restrictions to M" \ {0} are in "Xq. 

We shall regard % (resp. %q) as a left GL„(]R)- (resp. GL„(Q)-) module with the action 
given by 

(a * c)(f ) = sign(det a) ■ c{a~^v). 

The constant functions M" \ {0} Z are in %q, and form a submodule which we shall denote 
Z(— ). The quotient %q/7j{—) will be written Lq. 

2. The Solomon - Hu pairing. In PJ, Solomon and Hu introduced a pairing 

£qxS(A;\{0})^C((^i,...,^„)). 

This is defined in several steps. 

Step 1. Let Z{Q"} be the space of all functions — ^> Z and let Z[Q"] be the group ring of 
the group Q", i.e. the elements of ZjQ"} of finite support. One defines a map $ : Z[Q"'] — > 
C((zi, . . . , Zn)) as follows: 

exp{w ■ z). 

weQ" 

Here w ■ z denotes the dot product wiZi + . . . + WnZn- 

Step 2. The group ring Z[Q"] acts on Z{Q"}, Z[Q"] and C((zi, . . . , z„)) and the map $ is 
compatible with these actions. Define 

ZlQ'^j^") = {Be Z{Q"} : 3A G Z[Q"] \ {0} such that AB G Z[Q"]} . 

As Z[Q"'] is an integral domain, it follows that ZjQ"}*^'^ is an additive subgroup of Z{Q"}. 
Furthermore the map $ : Z[Q"] C((zi, . . . , extends uniquely to Z{Q"}('^) in a way 
which is compatible with the actions of Z[Q"]. 

Step 3. We next define a pairing %q x S(A") — > C{{zi, . . . ,Zn))- Given c G %q and (p G 
S(Aj), we define a function c ■ : Q" — ^ C by 



c{v)(f){v) if 7^ 0, 
if w = 0. 



It turns out that c ■ is in ZIQ"}^'?), and we define 

{c,ip) = ^(c-ip). 

We shall describe this more explicitly. Let Vi, . . . ,Vr G Q" be linearly independent and let c 
be the characteristic function of the open cone of fi, . . . , Vr- Given ip G S(Aj), there is a lattice 
L C Q" such that ip is invariant under translation by L. By multiplying the vectors vi, . . . ,Vn 
by natural numbers if necessary, we may assume f i, . . . , f„ G L. Let 

y = {xiVi + . . . + XnVn : Xi, . . . , x„ G (0, 1]}. 
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We have (1 — ... (1 — [vr])(c • V') — P ' where p is the characteristic function of the 
parallclotope CP. As p • (/? has finite support, it follows that c • is in Z{Q"}*^^), and the pairing 
is given by: 

(c,<^) = - 3_ L ^ (^(w)exp(w • ^). 

1 - exp(^i -z) 1 - exp(^, • z) ^^^^ 

Step 4. Let c be the constant function on Q" \ {0} with value 1 and let tp e §(Aj). Then 
for any non-zero vector v e Q" such that tp is periodic modulo v, we have 

(ifi^) if w = —V 
-(^(0) if^/; = 
otherwise. 

It follows that the constant functions are orthogonal to the subspace §(Aj \ {0}). Hence the 
pairing factors through to give £q x S(A^ \ {0}) — >• C((^i, . . . , 

3. The Result. To obtain a cocycle with values in 2), it is sufficient, using the pairing defined 
above, to construct one with values in £jq. In the case n — Solomon's cocycle s (with values 
in £q) is defined as follows. For a,P E GL2( 



sign dct(Q;ei, /3ei) if t; G C"{aei, Pei), 
s{a,P){v) — ^ |signdet(Q;ei, /3ei) if v E dC{aei, Pei), 
otherwise. 

Here ei = ^ ) ' could of course replace ei by any other non-zero vector to obtain a 

cohomologous cocycle. In the case that ctci, /3ei, 761 are in general position, it is easy to see 
that s satisfies the cocycle relation: 

s(/5, 7) — s{a, 7) + s{a, P) = modulo constant functions. 

If aei, j3ei are not linearly independent then the above definition makes no sense and we instead 
define s{a,(3) = 0. With this completed definition the cocycle relation remains true modulo 
the kernel of the Solomon-Hu pairing. 

Naively one would expect to generalize the cocycle s above by defining for cci , . . . , q;„ G 



, ... / signdet(Q;iei, . . . ,a„ei) if w G C°(aiei, . . . , a„ei), 

s[ai, . . . ,an)[v) ^ < „ ' -f ^ r^/ \ 



Indeed as long as v, aiCi, . . . , a„ei are in general position, the above definition makes sense and 
a similar cocycle relation is satisfied. The difficulties are (a) how to define s when aiCi, . . . , ttnCi 
are linearly dependent, and (b) how to define s when v G dC{aiei, . . . ,anei) without losing 
the cocycle relation. Both these problems are solved by the same method in this paper. 
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4 Definition of the Shintani Cocycle 

1. A relation between signs of determinants By an ordered field we shall mean a 
(commutative) field F equipped with a total ordering > satisfying the condition: 

• Va;, y,z & ¥ ii X > y then x -\- z > y -\- z] 

• \/x, y,z&¥iix>y and z > then xz > yz. 
Fix an ordered field F and define for x e F^: 



sign(x) 



1 a; > 0, 
-1 a;<0. 



A set of vectors in F"^ will be said to be in general position if every subset with no more than 
n elements is linearly independent. Given vectors Vq, . . . , f„ G F"^ in general position, there are 
non-zero scalars Aq, • • • , € F such that XqVq + . . . + XnVn = 0. We define 



d{vo, ...,Vn) 



(— l)'sign det(i'i, . . . ,Vi, . . . , Vn) if Aq, . . . , A„ all have the same sign, 
otherwise. 



Proposition 1 (i) d{vo, . . . , w„) is well defined (i.e. independent ofi). 
(a) For any permutation ^ we have d{v^(^Q), . . . , 'y^(n)) = sign(^)(i(t'o, . . . , Vn). 
(Hi) // Ao, . . . , A„ e F>° then d{XoVo, XnV„) = d{vo, ...,Vn). 

(iv) For any a e GL„(F) we have d{avQ, . . . , „) = sign(det«) ■ diy^, . . . ,t'„). 

(v) Let F' he another ordered field and let l : ¥ ^ ¥' he an order-preserving field ho- 
momorphism. Then for Vq, . . . ,Vn in general position in F" we have d{LVQ, . . . , cVn) = 

d{vo, ...,Vn). 

(vi) If vi, . . . , Vn+2 G F" are in general position then 

n+2 

^{-iyd{vi, ...,Vi,..., Vn+2) = 0. 

i=0 

Proof, (i) The case that d{vo, . . . , f„) = is clearly well defined, so assume Vq — — Yl]=i 
with Xj > 0. We have by elementary properties of determinants: 

(-l)'signdet(t'o,fi, . . . ,Vi, . . . ,Vn) = (-l)'signdet(-Aifi, fi, . . . ,Vi, . . . ,Vn) 

= (-l)'~^signdet(T;j, vi, . . . ,Vi, . . . , Vn) 
= signdet(t'i, . . . 

(ii) This follows from (i) in the case that ^ is an adjacent transposition (i i + 1). The 
general case follows since the adjacent transpositions generate the group of all permutations. 
Parts (iii), (iv) and (v) follow immediately from the definition. 
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(vi) By (ii), (iii) and (iv) we may reduce the general case to the case that Vi, 
standard basis elements Ci, . . . , e„ in F" and Vn+i and Vn+2 are of the form 

/ ^1 \ 



. , Vn are the 



Vn+l = 



V-i / 



with xi > . . . > Xr and Xr+i < . . . < Xn- For simplicity we assume < r < n; the cases r = 
and r — n may be handled similarly. 
Case 1. Assume i < r. If we have 

n+l 

Vn+2 = X^AjVj, 
J=l 

then this implies 

{Xj - Xi if j <r,j^ i, 
Xj + Xi ii r < j < n. 
Xi ifj = n + l. 

For all the coefficients Xj to be negative we require i — 1, xi < and xi + Xn < 0. From this 
we may deduce that 

r 

^{-iyd{Vi, . . . ,Vi, . . . ,Vn) = 



1 if xi < and xi + Xn < 0, 
otherwise. 



A similar calculation shows that 

n 

i=r+l 

Finally we have d{vi, . . . , Vn+i) = and 

(-l)''+'^d{vi, . . . ,Vn, . . . ,Vn+2) 

Adding everything up we obtain the result. 



—1 if a;„ > and Xi + Xn < 0, 
otherwise. 



— 1 if < and Xn < 0, 
otherwise. 



□ 



2. A relation between cone functions Given a basis {vi, . . . , Vn} oiF"- we define a function 
c{vi,...,Vn):¥^^Zhy 

signdet(vi,...,'i;„) if (w), . . . , ^(w) > 0, 



, \/ \ f signdetfvi, . . . , v^) iivUw),.. 



Thus up to a sign, c{vi, . . . ,Vn) is the characteristic function of the open cone of Vi, . . . ,Vn. 
This may be expressed in terms of the function d: 

C{vi, Vn)itv) = {-ly-d^Vi, ...,Vn, -w). (l) 

The functions c and d satisfy the following co cycle relation. 



Proposition 2 If Vq, . . . ,Vn,w G F" are in general position then 

n 
1=0 

Proof. This follows immediately from Proposition [T] (vi) and ([T]). □ 
3. Consider the local field F = ]R((ei)) . . . ((e„,)). Every element of F may be expressed as 

where = ■ ■ ■ e^^ . The coefficients Or are in M. We shall order the multi-indices r G 
lexicographically, so r < s if and only if there is an z G {1, 2, . . . , n} such that 

Ti < Si and Vj > i, Vj = Sj. 

Using this ordering we may define the leading term of a non-zero element of F to be the non- 
zero monomial a^e'^ for which r is smallest. An element of F^ will be said to be positive (resp. 
negative) if its leading term a^e^^ has positive (resp. negative) coefficient. For /, (7 G F we define 
f > g ii and only if / — is positive. Under this ordering ei is positive but smaller than every 
positive real number. For i = 1, . . . , n — 1, the element ej+i is positive but smaller than every 
power of ei. 

We shall also use the field F' = M((eo)) . . . ((cn)), ordered in an analogous way. We have 
n + 1 order-preserving field embeddings : F ^ F' defined by 

('•j/)(eo, • • • , Cn) = /(eo, • • • , • • • , Cn). 



4. Define for i = 1, . . . , n: 

h{ei) = . 

We shall regard 6(ej) as an element of F". 

Lemma 1 For any a^, . . . , a„ G GL„(]R) and any w G M"\{0}, the set {aob{eo), . . . , a„6(e„), w} 
is in general position in F'". 

Proof. Regarding 6 as a function M — M", we note that the values of aib{ei) span M". 
We may therefore choose ei, . . . , G M so that {ai6(ei), . . . , anb{en)} is a basis of M". Hence 
det(ai6(ei), . . . , a„6(e„)) is a non-zero function of ei, . . . , e„, so is a non-zero element of F. It 
follows that {ai6(ei), . . . , a„6(e„)} is a basis of F". A similar argument shows that for any j, 
{w, aib{ei) : i ^ i} is also a basis of F". □ 
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5. We now define our cocycle. Let 3" denote the space of all functions : M" \ {0} Z. We 
let GL„(R) act on 3" by: 

(a * if){w) = signdeta ■ <f{a-^w), a G GL„(M), feS", w eW\ {0}. 

The constant functions in 3" form a submodule, which we shall denote Z(— ). We shall write M 
for the quotient. We shall describe a cocycle a G if"~^(GL„(R), M). 
For a„ e GL„(M) and w eW \ {0}, we define 

cr(ai, . . . , a„)(w) = c(ai6(ei), . . . , a„6(e„))(t(7). 

Proposition 3 (i) For ■ ■ ■ > ^ GL„(]R) and w eW'\ {0} we have 

n 

^(-l)V(ao, . . . ,ai, . . . ,an)iw) = d{aob{eo), a„6(e„)). 

i=0 

(a) For P, ai, . . . , q;^ G GL„(]R) we have 

a{pai, pan) = P* (T{ai, . . . , 

Proof, (i) We have by definition 

cr(ao, . . . ,ai, . . . ,an){w) = c(ao&(ei), • • • , «i-i6(ei), ai+i6(ei+i), . . . , a„6(e„))(if;). 

Applying the the order-preserving map : F ^ F' we have 

cr(ao, . . . , di, . . . , a„)(w) = c(ao&(eo), • • • , ai_i6(ei_i), a,;+i6(ej+i), . . . , a„6(e„))(w). 

The result now follows from Lemma [1] and Proposition [2j 

(ii) This follows from Propsition [1] (iv) and ([1]). □ 

The proposition shows that a represents an element of if"^^(GL„(]R), M). The short exact 
sequence 

O^Z(-) ^^^M^O, 

gives rise to a connecting homomorphism d : i/"~^(GL„,M) iJ"(GL„, Z(— )). The proposi- 
tion also shows that da is given by the n-cocycle 

T{ao, ...,«„)= d{aob{eo), • • • , 

Aside. In this context it is worth recording the following long exact sequence: 

. . . -> H'-{GLn{R), Z(-)) ^ H'-{GLn-im, Z(-)) ^ i/^'(GL„(R), M) ^ //''■+i(GL„(M), Z(-)) . . 

Proof. We need only show that iJ''(GL„_i(]R), Z(— )) is canonically isomorphic to iJ'"(GL„(]R), 5"). 
Consider the mirabolic subgroup: 

P = {ae GL„(M) : aci = ei}. 
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We have 9^ — indp'""*^'^^Z(— ). Hence by Shapiro's Lemma, 
The group extension 

1 ^ Rn-i ^ p ^ GL„_i(M) ^ 1, 
gives rise to the spectral sequence 

The result now follows since 



g > 0. 

□ 



6. We finally show that the values of a are actually in the module of cones. 

Theorem 1 (i) For ai, . . . , € GL„(M) we have a{ai, . . . , e £r. 
(ii) For GL„(Q) we have (j{ai, . . . , G £q. 

Proof. Note that is closed under pointwise multiplication of functions. Hence to prove 
the first part of the proposition, it is sufficient to show that, for any linear form : F" — >■ F, 
the set 

,5 = e R" : (f){w) > 0} 

is a finite disjoint union of open cones. The restriction : — > F is R-linear. We may write 
(f) as 

r 

with 0r '■ R" R linear forms. In this sum r runs over the multipowers of the e^. We may 
therefore decompose S into disjoint subsets: 

S = \JSr, 
r 

where 

5'r = e R" : (f)riw) > and for all s < r, (f)siw) = 0} 

Each non-empty Sr is an open half-subspace, and is hence a finite disjoint union of cones. It 
remains to show that only finitely many Sr are non-empty. If Sr and Sg are both non-empty 
and s < r then Sr is contained in the boundary of the closure of Ss and is therefore of strictly 
smaller dimension. 

This proves the first part of the proposition. Now assume ai, . . . , e GL„(Q). It follows 
that the basis vectors aib{ei) are in Q(e). Prom this it follows that 4>r '■ ^ Q- Hence the 
sets Sr may be decomposed into rational cones. □ 

Remark 1 One could define a K-cone for any subfield KofM. and obtain a generalization of 
the above proposition. 
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5 Comparison with previous results 

We shall describe a in the case n = 2 and then give a coboundary relating it to Solomon's 
cocycle s. 



1. As cr is homogeneous, we need only calculate u{\^ol) for ol 



a h 
c d 



e GL2(M). Let 



w — 



X 



\ {0}. Recall that to calculate (t(1, a){w), we express w in the form 



w — X' [ ^ ) + y'a 

To simplify notation consider the matrix 

1 



M 



We have 



, a 



X 



x',y'eR{{e^Me,)). 



1 a + be2 

€i c + d€2 



M 



-1 



The cocycle is given by the formula: 



(t(1, a) 



sign(det M) if x' and y' are both positive in 
otherwise. 



After solving these inequalities we obtain: 

a b 



Proposition 4 (i) Let a = 



c 



If a > and c > then a{l, a) — 0. 



• If a > and c < then cr(l, a) 

• If a < and c > then cr(l, a) 

• If a < and c < then a{l, a) 
(a) Let a - 

• If a > and c > then a{l, a 

• If a > and c < then cr(l, a 



—1 if X > and y — 0, 

otherwise. 

1 tfy>0, 

otherwise. 

1 if y > or if y = and x < 
otherwise. 



a b 
c 



1 

1 



1 

1 



1 if y > and cx — by > 0, 
otherwise. 

—1 if y ^ o-nd cx — by < 0, 
otherwise. 
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If a < and c > then a{l, a) 



x\_Jl if y > and cx — by < 0, 
y J \ otherwise. 

x\ f — 1 if y ^ (iTT'd cx — by < 0, 



lfa<0 and c < then a(l,a) = < ^ \,, ■ 

\^/ I otherwise 



Proof. To give an impression of how to do this calculation, we shall prove (i) in the case 
a, c < 0. The other cases are left to the reader. We have M = ( ^ a + be2\ Hence 

V ei 062 J 

det M = ce2 — aei — beie2- The leading term of det M is — aei, which is positive. Therefore 
det M > 0. Furthermore 

x' = - — — (—ay + (cx — by)e2) , y' = - — — : (—eix + y) . 
detM ^ ^ ^ y; ^; , y det M ^ 

For y' to be positive we require either y > or y = and x < 0. In both of these cases x' is 
also positive. □ 

2. In [8j Solomon obtained a cocycle on PGL2 rather than on GL2; however the values of the 
cocycle were in |£j rather than in L. This cocycle s E Z^(PGL2(M), is defined as follows: 

sign det(aei, /3ei) if {aci, Pci} is a basis of and w G C°{aei, Pci), 
s{a,(3){w) = \ |sign det(ttei, /3ei) if {aei,/3ei} is a basis of and w G dC{aei, (3ei), 
otherwise. 

This is related to a by the coboundary: 

{(J — s){a, P) = a*T — P*T, 



where 



r 



x\ _ j \ if y = and x > 0, 
y I 1 otherwise. 
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